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Our setting
: ( it

,
g) a

non-commutative probability space

I. e. ,
it is a W* - algebra

4 is a faithful tracial state

E-g. IL9N
, E)

1( Male )
,
tr )

( t.IM
,
E)

X = ( xi , - →
XD an n - tuple of self-adjoint elements of it .

( " n

" will always be the length of X in this talk)

we will always assume for simplicity that it = W*lX ) .

The law of X is the functional µ
: Cdt . . . . .tn) → E

p ' → 44th .

( Note that µ = 9. ev× )

÷ :c :* :* :
"

:÷÷::±:÷ : : : : :/



Examples : A - W* - algebra, 4- faithful tracial state

X=lx , ,→xn)eAI µ×=4oev× :[ → E

d( × ) = I ⇒ W*lx ) is diffuse [Voiculescu]

fly ) > I ⇒ W
*

( X) has no Cartan subalgebra , is non - r[ Voiculescu]
and is prime [ Ge ]

I[Dabrowski]
④

* 4) ex ⇒ W*lX ) is non - f

{ *

( X) - n > I ⇒ ↳
* ( x ) is a

factor [Dabrowski]

d
* ( X )=n ⇒ evx : ① ¢T7)→Aff(w*c× )) (Mai - Speicher - Yin]

"

no rational relations
"

c-
-

Entropic properties structural properties of W*( X ) .

of the tuple X

I



The free difference quotients d. - W* - algebra, 4- faithful tracial state

are the maps dj : ECT > → ⇐ ⇒ ④ E45"
The free difference quotients X = ( x , , . . ,xn)e Asia µ×=4oev× :[ t7→E

defined by linearity , the Leibniz rule
,
and the condition Jjlt ;) - di 10×1 .

Examples : daft , tat , ttztzta ) = t
,

t
,

t I ⑤ tztz t tat , I

Jjlti , " - tin ) = ¥4
,

ti
.

- - - tie
,
tin

,

- . - tin 1

cop

If n =/ and we identify ELT > ④ Est > E ① fy ,
ZI

,

2. p =
ply) - plz )

je
( hence the name )

We also denote Jp = ( tips . . . ,dnp) and let the non-commutative Jacobian be

sfp = Idjp ;) ⇒ .

If this
. . . ,xn) satisfy no algebraic relation

, Jj give densely - defined unbounded maps

dj : L4A ) ? 44 > → ecx > ④ eax5' EL4A-0AD
p

' → evxodj.eu ,
and similarly we get

op

" " ÷ ::÷::::::i÷::÷ :*
.im/domain consisting of those A for which there exists HEELA )

"

so that

{ A
,
evx.JP?,s=LH,evxP7zV-peELT7

"

.

If lxi
, - → xD satisfy no algebraic relations

, f*=f* ,
the adjoint of J . We

likewise define 00
, I .

If A- C- doing and J0A - H
, we say A is a free Stein kernel for X relative to H

.



Let It = ( I '
-

' Ii )
.

Then Voiculescu 's free Fisher information is given A - W* - algebra, 4- faithful tracial state

by oI*( × ) = 118*1/1? if HE doin & )
,

and • otherwise
.

# × ) so is
X= IX. → He AI µ×=yoev×:Et7→E

a strong regularity
condition ; we'd like to measure how close it is to being true .

4. Iti
.

. . - tin ) = [ ti
.

. . - ti
, .pt ,

- - -tink: iii. j H

The free Stein irregularity lor
"

free Stein information
"

) is the quantity Jp = top , → hp) IP ' ldjpi )ij ,
I D8 : Matt → LYAY the "

adjoint
" off .

÷ dist
,
11

,
dom 9) .

Notice immediately that Oedom( 49
,

so OE [ 1×1 trialist 11,0) .

FA - H ⇒ A is a Stein kernel for X relative to H .

The free Stein dimension is the quantity JLXI n - [ * ( X ) 't 10 ,
n ]

.

Example : single variable x.

Set zdH÷ 21 admit .

Then He
, p
) = 2fftt.jp?+qplHdpexlsIdpyttI=ffIg?-glpCH-plsDdpxlsIdpixlt

=

"
dµ↳sdµH= causes

where ads, t ) . ¥5
⇐ 5) 422 .

and so Ill - a. H'
→ pxoxpfkt.tt/--fmfEt3 )

'

.

INow aa I Xls¥t3

Hence E*lxT±fµµt3 )
'

.
In fact

,
equality holds

.



Theorem : T - A - W* - algebra, 4- faithful tracial state
a- 4) = d.iq#pdom8=Edimy.*opdomf&X--lxi,..,xn)eAI

µ×=4oev× :[ t7→E
Theorem :

[
* 1×5 + [

*

( y) 't [
* ( X ,

Y )
'

with equality if X and Y are free djlti . - - - tin ) - [ tii-ti.pt , - - -tink: iii. j H

Idea :

If A is a kernel for
,
A = and 1µm .

, |

dp - top , - → hp)
' ↳ Pi ) ⇒

Id : Matt → LYAY the "

adjoint
" off .

A is a Stein kernel iff A- Edom f&

and Hittin :HHm fan . I://a.it II.
' ' ⇒

-
2*1×1 = dis It

,
dom 9)

Things
of the form /

are kernels when X is free from Y .

ok ) - n - 2*1×1
'

-

Theorem : If 5 = ( s . . . . .sn ) is a standard free semicircular family free from X ,

then ligggptoflxi.rs ) I [ * LX5

Corollary
: OCXSE d*lX ) ( 8*1×1 n - life §toI*lxtAS ) )

1
( Infact

,
olx ) ± 8*1×1 . )



Theorem : 5 is an algebra invariant . A - W* - algebra, 4- faithful tracial state

pf . since only , e) = olxltrlol - OCXI
,

we
may

assume X and Y have X=lx , ,→xn)eAI µ×=yoev×:EH→e
the same number of variables

. 4. Hi
,

- - - tin ) - [ tii . - t :P 4
.

- - -tink: iii. j H

Suppose alglx ) - algal . Take F
,
G E ELT ) so that Y=er×F,X=evµ .

Jp - top , → hp) IP : ldjpi )ij= ,

Isuppose Aedomltfx ) .
Then It : Matt → LYAY the "

adjoint
" off .

{ JIA ,
evyp> = ( JIA ,

evxp.FI : LA , evx I of ) ) - HA
,
@

,
Hey

,
ftp..LA#IewfHIevyyp ?

A- is a Stein kernel iff A- Edom f&

Hence A # leu×fH*edomfI and JF1A #⑨xIF)* ) - ITA . I = II. .
. ?* )

( although G0F may
not be T )

,

[ * IN = dis It
,
doin

& ))
Next

,
since ev×T = evx Got

a = n - 2*1×1
'

= tdim→µpld¥ )

{ A
,
1) =L JIA ,

ev×T7 = ( JIA ,
eh , GF7 = LA , evxflG.FI >

X. Y free ⇒ [
* IX. 45=2*1×7+2745

Moreover ,
for B e Mn ( ECH 4474 ) B* # Aedomtfx and

{ A # Levitt )*#leµfG)*
,

B) = ( B*#A , IG) # levxf.tl ) = ( BHA
,
evxfk.FI )= #A ,H=fA ,

and JCX
,
4) = • 4) to (4)

Thus A # levxf.tt#lev+rff)*--A .

It follows that dima.fi?omTfI)Ediay.....(domIT ) .

1

By symmetry, 01×1 = only) .


